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Suppose that Q is a ﬁnite quiver and G ⊆ Aut(Q ) is a ﬁnite group,
k is an algebraic closed ﬁeld whose characteristic does not divide
the order of G . For any algebra Λ = kQ /I , where I is an arbitrary
ideal of path algebra kQ , we give all the indecomposable ΛG-
modules from indecomposable Λ-modules when G is abelian. In
particular, we apply this result to the deformed preprojective
algebra ΠλQ , and get a reﬂection functor for the module category
of ΠλQ G . Furthermore, we construct a new quiver QG and prove
that ΠλQ G is Morita equivalent to Π
η
QG
for some η.
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1. Introduction
Let k be a ﬁeld and Q = (I, A) a ﬁnite quiver with a ﬁnite set I of vertices and a ﬁnite set A of
arrows. For each arrow a ∈ A, its head vertex and tail vertex are denoted by h(a) and t(a) respectively.
For each i ∈ I we denote by ei the primitive idempotent of path algebra kQ corresponding to vertex i.
The double quiver of Q is denoted by Q = (I, A), which is obtained from Q by adding an arrow
α′ : j → i whenever there is an arrow α : i → j in Q . Given a λ = (λi)i∈I ∈ kI , let I be the ideal of
path algebra kQ generated by the deformed preprojective relations∑
a∈A, h(a)=i
aa′ −
∑
a∈A, t(a)=i
a′a − λiei, ∀i ∈ I.
The quotient algebra ΠλQ := kQ /I is called a deformed preprojective algebra of Q . In particular, if
λ = 0, ΠλQ is called a preprojective algebra of Q , which is denoted by ΠQ .
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representations of a ﬁnite quiver without oriented cycle. Subsequently it was discovered that pre-
projective algebras occur naturally in very diverse contexts. For example, they have been used by
Kronheimer [12] to deal with the problems in differential geometry, also by Lusztig [14,15] in his per-
verse sheaf approach to quantum groups. In 1998, deformed preprojective algebras were introduced
by Crawley-Boevey and Holland [5] to study noncommutative deformations of Kleinian singularities.
They are generalized preprojective algebras. In the papers [18,11], the quotient algebras of deformed
preprojective algebras were used to realize the restricted quantum group Uq(sl2). Recently, Demonet
proved that skew group algebras of preprojective algebras are Morita equivalent to preprojective al-
gebras [6].
Skew group algebras appear in connection with the study of singularities [2,3]. They are studied
by many authors (see for example [1,8,16,17]). For the study of the representation theory of skew
group algebras, the readers refer to [17] (see also [4]). Let Λ be a k-algebra with a group G acting
on Λ, then the skew group algebra ΛG is an associative k-algebra whose underlying k-vector space
is spanned by the elements ga for g ∈ G and a ∈ Λ, and the multiplication is deﬁned by
ga · hb = ghh−1(a)b,
for all g,h ∈ G and a,b ∈ Λ (see [17]).
It is well known that skew group algebras ΛG retain many features from Λ, such as represen-
tation-ﬁnite, an Auslander algebra, a piecewise hereditary algebra, a Nakayama algebra, or a Koszul
algebra, and so on (see [4,8,16,1,7]). But there are many problems unsolved about the relationships
between Λ and ΛG . The aim of this paper is to consider what kind of Λ-modules can induce ΛG-
modules, and if a Λ-module induce a ΛG-module, how many isomorphism classes of such induced
ΛG-module?
As far as we know, in [19] the authors studied the relationships between ΛG and Λ under the
assumption that Λ is a path algebra and G is a cyclic group. In Section 2, we will discuss the same
problems for an arbitrary algebra Λ = kQ /I and an arbitrary ﬁnite group G ⊆ Aut(Q , I), where
Aut(Q , I) = {α ∈ Aut(Q ) | α(I) = I}. Aut(Q , I) is called the automorphism group of bound quiver
(Q , I). If k is an algebraic closed ﬁeld whose characteristic does not divide the order of G , it is shown
that Λ-module Y is a ΛG-module if and only if Y is a G-invariant Λ-module. For any indecomposable
Λ-module X , let HX = {g ∈ G | g X ∼= X} and GX be a complete set of left coset representatives of HX
in G . If HX is an abelian group, we can describe all the Λ-module structures on the G-invariant
Λ-module
⊕
g∈GX
g X by the irreducible decomposition kHX =⊕ri=1 ρi as HX -representations.
Theorem 1.1. Suppose X is a ﬁnite-dimensional indecomposable Λ-module, H X is abelian. Then for any ΛG-
module Y , if Y ∼=⊕g∈GX g X as Λ-modules, there exists a unique i ∈ {1,2, . . . , r} such that Y ∼= ΛG ⊗ΛHX
(ρi ⊗k X). That is, there are r non-isomorphic ΛG-modules induced from the indecomposable G-invariant
Λ-module
⊕
g∈GX
g X.
In fact, if G ⊆ Aut(Q , I) is a ﬁnite abelian group, we can get all the indecomposable ΛG-modules
from indecomposable Λ-modules.
Theorem 1.2. If a ﬁnite group G ⊆ Aut(Q , I) is abelian, then a ﬁnite-dimensional Λ-module Y is an inde-
composable ΛG-module if and only if Y is an indecomposable G-invariantΛ-module, that is, Y ∼=⊕g∈GX g X,
for some indecomposable Λ-module X.
According to Theorem 1.1 and Theorem 1.2, for a skew group algebra ΛG with G is abelian, all
ﬁnite-dimensional ΛG-modules can be obtained from indecomposable Λ-modules. The number of
non-isomorphic indecomposable ΛG-modules induced from the same indecomposable G-invariant
Λ-module can be given. In particular, all ﬁnite-dimensional ΠλQ G-modules from indecomposable Π
λ
Q -
modules can be constructed.
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projective algebras. In Section 3, we will deﬁne a reﬂection rOi on dimension vectors and a reﬂection
dOi on kI . Then we use Crawley-Boevey and Holland′s reﬂection functor to construct a reﬂection
functor for skew group algebras of deformed preprojective algebras.
Theorem 1.3. Suppose λ = (λi)i∈I satisﬁes λi = λ j for any i, j ∈ I in the same G-orbit, i is a loop-free vertex
and λi 
= 0. If G is abelian and the action of G is admissible, then there is an equivalence
Fi : ΠλQ G-mod→ Π
dOi λ
Q G-mod,
that acts as the reﬂection rOi on dimension vectors.
Recently, Demonet has introduced the deﬁnition of group species and their representations, and
proved that skew group algebras of preprojective algebras are Morita equivalent to preprojective al-
gebras [6]. In fact, it also holds for deformed preprojective algebras. In Section 4, we will give the
group species corresponding to a quiver Q = (I, A) with G ⊆ Aut(Q ) and construct a new quiver
QG = (IG , (A′(i,ρ),( j,σ ))((i,ρ),( j,σ ))∈I2G ). We get the following Morita equivalence.
Theorem 1.4. If λ = (λi) ∈ kI satisﬁes λi = λ j for any i, j ∈ I in the same G-orbit, then there is an equivalence
of categories
ΠλQ G-Mod ΠηQG -Mod,
where η = (η(i,ρ)) ∈ kIG , and η(i,ρ) = dimk ρ|Gi | λi . In particular, ΠQ G-Mod ΠQG -Mod.
Consequently, the study of the skew group algebras of deformed preprojective algebras can be
reduced to the study of deformed preprojective algebras. Finally, as an example, the quiver QG is
given for any Dynkin quiver Q with G ⊆ Aut(Q ).
In this paper, we suppose that Q = (I, A) is a ﬁnite quiver and G ⊆ Aut(Q ) is a ﬁnite group with
unit e. Let k be an algebraic closed ﬁeld whose characteristic does not divide the order of G , i.e.,
chark  |G|. For any algebra Λ, we denote by Λ-Mod the category of Λ-modules, by Λ-mod the full
subcategory of Λ-Mod consisting of ﬁnite-dimensional Λ-modules. The readers refer to [4] for the
knowledge of representation of quiver and bound quiver.
2. Module category of skew group algebras
In this section, we suppose that I is an arbitrary ideal of path algebra kQ (I is not necessarily
admissible), Λ = kQ /I , and G ⊆ Aut(Q , I) is a ﬁnite group. All modules (or representations) are
ﬁnite-dimensional. Rep(Q , I) is the category of ﬁnite-dimensional representations of bound quiver
(Q , I).
Let X be a Λ-module, g ∈ G . We deﬁne a twisted Λ-module g X on X as follows: as a k-vector
space g X = X , the action on g X is given by a · x = g−1(a)x for all a ∈ Λ. Let ϕ : X → Y be a Λ-module
homomorphism, then the map gϕ = ϕ can be viewed as the twisted Λ-module homomorphism:
g X → gY . Indeed, for x ∈ X and a ∈ Λ, we have ϕ(a · x) = ϕ(g−1(a)x) = g−1(a)ϕ(x) = a · ϕ(x).
It is well known that categories Rep(Q , I) and Λ-mod are equivalent. Therefore, for any
X ∈ Λ-mod, there is one and only one representation (Xi, Xa)i∈I,a∈A of bound quiver (Q , I) cor-
responding to X . It is easy to see that (g Xi = Xg−1(i) , g Xa = Xg−1(a))i∈I,a∈A is the representation of
bound quiver (Q , I) corresponding to g X . For X, Y ∈ Λ-mod and homomorphism ϕ : X → Y , we
deﬁne a functor F g by F g(X) = g X and F g(ϕ) = gϕ . One can check that
F g : Λ-mod→ Λ-mod
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posable (projective, injective, simple) if and only if so is g X .
Deﬁnition 2.1.
(1) Given any g ∈ G , a representation X of bound quiver (Q , I) (or X ∈ Λ-mod) is said to be g-
invariant if g X ∼= X as representations of bound quiver (Q , I).
(2) A representation X of bound quiver (Q , I) is said to be G-invariant if X is g-invariant for any
g ∈ G .
(3) A G-invariant representation X of bound quiver (Q , I) is called indecomposable G-invariant
if X is nonzero and X cannot be decomposed as X ∼= X ′ ⊕ X ′′ , where X ′ and X ′′ are nonzero
G-invariant representations.
For each X ∈ Λ-mod, let HX = {g ∈ G | g X ∼= X}. Clearly, HX is a subgroup of G . If we denote by
GX a complete set of left coset representatives of HX in G , then we have
Lemma 2.1. Any indecomposable G-invariant representation of bound quiver (Q , I) is of the form⊕g∈GX g X
where X is an indecomposable (Q , I)-representation. Moreover, the Krull–Schmidt theorem holds for G-
invariant representations.
Proof. Let X be an indecomposable (Q , I)-representation. Since ⊕g∈E g X is not G-invariant for any
proper subset E of GX and
⊕
g∈GX
g X ∼=⊕g∈GX hg X for any h ∈ G , ⊕g∈GX g X is an indecomposable
G-invariant (Q , I)-representation.
Let Y be an indecomposable G-invariant (Q , I)-representation, this means that gY ∼= Y for any
g ∈ G . Then, if an indecomposable (Q , I)-representation X occurs in summands of Y , then all iso-
morphism classes in {g X | g ∈ G} occur in summands of Y and only once, i.e., Y ∼=⊕g∈GX g X .
Finally, for any G-invariant (Q , I)-representation Y , if an indecomposable (Q , I)-representation
X occurs in summands of Y , then there is a G-invariant (Q , I)-representation Y ′ such that
Y ∼= Y ′⊕(⊕g∈GX g X). Therefore, we can ﬁnd ﬁnite numbers of indecomposables (Q , I)-represen-
tations X1, X2, . . . , Xn such that Y ∼=⊕ni=1(⊕g∈GXi g Xi) by induction on dimension of Y . The unique-
ness follows from the Krull–Schmidt theorem for ﬁnite-dimensional (Q , I)-representations. 
Now we consider the ΛG-modules, we have
Lemma 2.2. Any ΛG-module Y is a G-invariant Λ-module.
Proof. Let Y be a ΛG-module. We need show that gY ∼= Y for any g ∈ G . Indeed, for any g ∈ G , we
deﬁne a map f g : gY → Y by f g(y) = gy for all y ∈ Y . Then, for all a ∈ Λ and y ∈ Y , we have
f g(a · y) = g(a · y) = g
(
g−1(a)y
)= a(gy) = af g(y).
That is, f g is a Λ-module homomorphism, and hence f g is an isomorphism. Its inverse is
f g−1 : Y → gY such that f g−1 (y) = g−1 y for all y ∈ Y . 
Now, we consider ΛG-module V as a Q -representation (Vi, Va)i∈I,a∈A . By Lemma 2.2, we have:
(1) If vertices i and j are in the same G-orbit, then Vi ∼= V j as vector spaces;
(2) If arrows a and b are in the same G-orbit, then there is a commutative diagram
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Va
f
Vh(a)
g
Vt(b)
Vb
Vh(b)
such that f and g are isomorphisms. In this case, we denote by Va ≈ Vb .
Lemma 2.3.
(1) A Λ-module Y is a ΛG-module if and only if for any g ∈ G there is a Λ-module homomorphism
ϕg : gY → Y satisfying
ϕ
|g|
g := g1−|g|ϕg ◦ · · · ◦ g−1ϕg ◦ ϕg = idg Y ,
where |g| is the order of g. In this case, we call that the ΛG-module Y is induced by {ϕg}. In particular,
each G-invariant Λ-module is a ΛG-module.
(2) For any g ∈ G, if there are two Λ-module homomorphisms ϕg,ψg : gY → Y , satisfying ϕ|g|g = idg Y
and ψ |g|g = idg Y respectively. We denote by Y1 , Y2 the ΛG-modules on Y induced by {ϕg} and {ψg}.
Then Y1 ∼= Y2 as ΛG-modules if and only if there is a Λ-module isomorphism f : Y → Y , such that
f ϕg = ψg f , ∀g ∈ G. In this case, we call {ϕg}g∈G equivalent to {ψg}g∈G .
Proof. (1) Assume that Y is a ΛG-module, we deﬁne the map ϕg : gY → Y by y → gy. Clearly,
ϕ
|g|
g = id g Y , and for any a ∈ Λ and y ∈ Y , we have
ϕg(ay) = (ga)y =
(
g(a)g
)
y = g(a)gy = g(a)ϕg(y).
This means that ϕg is a Λ-module homomorphism. Conversely, if there exists a Λ-module homo-
morphism ϕg : gY → Y such that ϕ|g|g = id g Y for each g ∈ G , we deﬁne the action of ΛG on Y by
gay = ϕg(ay) for any ga ∈ ΛG , y ∈ Y . Then Y is a ΛG-module. Indeed,
ga(hby) = ϕg
(
a
(
ϕh(by)
))= ϕg(ϕh(h−1(a)by))= (ghh−1(a)b)y = (ga · hb)y,
for all ga,hb ∈ ΛG , y ∈ Y .
Let Y be a G-invariant Λ-module. That is, there exists a module isomorphism θg : gY → Y for
every g ∈ G . As observed in [9, p. 95], there exists a module isomorphism ϕg : gY → Y such that
ϕ
|g|
g = idg Y . So, Y is a ΛG-module.
(2) If there is a Λ-modules isomorphism f : Y → Y such that f ϕg = ψg f for any g ∈ G . Then
f (gay) = f (ϕg(ay))= ψg f (ay) = ψgaf (y) = gaf (y),
for any ga ∈ ΛG and y ∈ Y , i.e., f : Y1 → Y2 is a ΛG-modules isomorphism. Conversely, if there exists
a ΛG-modules isomorphism f : Y1 → Y2, one can check that f is a Λ-modules isomorphism and
satisfy f ϕg = ψg f for any g ∈ G . 
By Lemmas 2.2 and 2.3, each Λ-module Y is a ΛG-module if and only if Y is a G-invariant
Λ-module. But for a G-invariant Λ-module Y . It is possible that there are many non-equivalent Λ-
modules isomorphisms {ϕg} induce ΛG-module structure on Y .
Question. How many non-isomorphic ΛG-module structures are induced on a G-invariant Λ-module?
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ented cycles, and G is a ﬁnite cyclic group. In this section, if X is an indecomposable Λ-module
satisfying HX is an abelian group, we will give the answer to this question on indecomposable
G-invariant Λ-module
⊕
g∈GX
g X (see Theorem 1.1) by the similar method. Firstly, we need some
preparations.
The following lemma can be found in [17] for skew group algebras of Artin algebras. In fact, it
holds for ΛG in general.
Lemma 2.4. Let X , Y be indecomposable Λ-modules and G ⊆ Aut(Λ), then:
(1) ΛG ⊗Λ X ∼=⊕g∈G g X as Λ-modules;
(2) ΛG ⊗Λ X ∼= ΛG ⊗Λ Y if and only if Y ∼= g X for some g ∈ G;
(3) The number of summands in the direct sum of indecomposable modules of ΛG ⊗Λ X is at most |HX |.
Proof. (1) Note that the subspace g ⊗ X := {g ⊗ x | x ∈ X} of ΛG ⊗Λ X has a natural Λ-module
structure given by a(g ⊗ x) = g ⊗ g−1(a)x. For any g ∈ G , it is easy to see that g X ∼= g ⊗ X as Λ-
modules. We have ΛG ⊗Λ X =⊕g∈G g ⊗ X ∼=⊕g∈G g X .
(2) It is easy to see that ϕ : ΛG ⊗Λ X → ΛG ⊗Λ g X given by ϕ(h ⊗ x) = hg ⊗ x is a ΛG-module
isomorphism. If ΛG ⊗Λ X ∼= ΛG ⊗Λ Y , then Y is a summand of ΛG ⊗Λ X ∼=⊕g∈G g X as Λ-modules
by the statement (1). It follows that Y ∼= g X for some g ∈ G since Y and g X are indecomposable.
(3) Let ΛG ⊗Λ X = Y1 ⊕ Y2 ⊕· · ·⊕ Yt , where Yi , i ∈ {1,2, . . . , t} is an indecomposable ΛG-module.
For each i, we have Yi ∼=⊕g∈S g X as Λ-module, where S is a subset of G . Note that GX ⊆ S . We get
t  |Hx|. 
From now on, we assume that X is an indecomposable Λ-module such that HX = {g ∈ G | g X ∼= X}
is an abelian group. It follows that the regular representation kHX can be decomposed as
kHX =
r⊕
i=1
ρi,
where ρi are one-dimensional irreducible HX -representations, r = |HX |, and ρi  ρ j if i 
= j.
Since X is an HX -invariant Λ-module, X has a natural ΛHX -module structure by Lemma 2.3.
Thus, ρi ⊗k X is also a natural ΛHX -module deﬁned by ga(l ⊗ x) = gl ⊗ gax for any ga ∈ ΛHX and
l ⊗ x ∈ ρi ⊗k X . Similarly, HomΛ(X,ρi ⊗k X) is a ΛHX -module given by (gaf )(x) = gaf (x), for f ∈
HomΛ(X,ρi ⊗k X), ga ∈ ΛHX , and x ∈ X; ρi ⊗k EndΛ(X) is a ΛHX -module given by ga(l ⊗ f ) =
gl ⊗ gaf for l ⊗ f ∈ ρi ⊗k EndΛ(X) and ga ∈ ΛHX , where (gaf )(x) = gaf (x) for each x ∈ X .
Claim. HomΛ(X,ρi ⊗k X) ∼= ρi ⊗k EndΛ(X) as ΛHX -modules.
Indeed, we deﬁne Fh : HomΛ(X,ρi ⊗k X) → ρi ⊗k EndΛ(X) by f → h ⊗ f˜ , for each 0 
= h ∈ ρi ,
where f˜ (x) = ly if f (x) = l ⊗ y, l ∈ ρi , x, y ∈ X . The homomorphism f˜ ∈ EndΛ(X), this follows from
the fact that f (ax) = af (x) = a(l ⊗ y) = l ⊗ ay, and hence f˜ (ax) = lay = aly = a f˜ (x), for a ∈ Λ, x ∈ X .
This means that Fh is well deﬁned.
Now, we show that Fh is a ΛHX -module homomorphism. For any f ∈ HomΛ(X,ρi ⊗k X) and
g ∈ HX , we have (g f )(x) = g f (x) = g(l ⊗ y) = gl ⊗ gy. Note that gl = αl for some α ∈ k since
dimk ρi = 1. Therefore, g˜ f (x) = αlgy = αgly = αg f˜ (x) and Fh(g f ) = h ⊗ g˜ f = h ⊗ αg f˜ = αh ⊗ g f˜ =
gh ⊗ g f˜ = g(h ⊗ f˜ ) = gFh( f ). So Fh is a kHX -module homomorphism. Moreover, since (af )(x) =
af (x) = a(l ⊗ y) = l ⊗ ay, a˜ f (x) = lay = aly = a f˜ (x) for all f ∈ HomΛ(X,ρi ⊗k X), a ∈ Λ, Fh is indeed
a Λ-module homomorphism.
Finally, noting that Fh is injective and dimk HomΛ(X,ρi ⊗k X) = dimk ρi ⊗k EndΛ(X), we have Fh
is a ΛHX -module isomorphism.
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Condition C. X is an indecomposable Λ-module and HX = {g ∈ G | g X ∼= X} is abelian. kHX =⊕ri=1 ρi
is the irreducible decomposition of kHX as HX -representations, r = |HX |.
Lemma 2.5. Assume that Condition C holds. Then for any i ∈ {1,2, . . . , r}, we have:
(1) ρi ⊗k X ∼= X as Λ-modules and ρi ⊗k X is indecomposable as a ΛHX-module for all i ∈ {1,2, . . . , r};
(2) ρi ⊗k X  ρ j ⊗k X as ΛHX-modules, if i 
= j;
(3) ΛHX ⊗Λ X ∼=⊕ri=1 ρi ⊗k X as ΛHX -modules;
(4) For any ΛHX-module Y , if Y ∼= X as Λ-modules, then there exists a unique i ∈ {1,2, . . . , r} such that
Y ∼= ρi ⊗k X as ΛHX-modules. Hence there are r non-isomorphic ΛHX-modules induced from X.
Proof. (1) For each 0 
= l ∈ ρi , we deﬁne a bijection f : X → ρ j ⊗k X by x → l ⊗ x. Observe that f
is a Λ-module homomorphism since f (ax) = l ⊗ ax = a(l ⊗ x) = af (x) for all a ∈ Λ, x ∈ X . Therefore,
ρi ⊗k X is an indecomposable Λ-module, and hence an indecomposable ΛHX -module.
(2) Assume that ρi ⊗k X ∼= ρ j ⊗k X . We have ρi ⊗k EndΛ(X) ∼= ρ j ⊗k EndΛ(X) by the claim. Since
EndΛ(X)/ radEndΛ(X) ∼= k and radEndΛ(X) is closed under the action of HX , we have
ρi ⊗k EndΛ(X)/ radEndΛ(X) ∼= ρ j ⊗k EndΛ(X)/ radEndΛ(X).
This means ρi ∼= ρ j as HX -modules and we get a contradiction.
(3) By [13, Lemma 3.2.1], ρi ⊗k X | ΛHX ⊗Λ (ρi ⊗k X). This induces that ρi ⊗k X | ΛHX ⊗Λ X since
ρi ⊗k X ∼= X as Λ-modules. Note that ρi ⊗k X  ρ j ⊗k X if i 
= j, we have (⊕ri=1 ρi ⊗k X) | ΛHX ⊗Λ X .
That is, ΛHX ⊗Λ X ∼=⊕ri=1 ρi ⊗k X by Lemma 2.4(3).
(4) If Y is a ΛHX -module, and Y ∼= X as Λ-modules, then Y is an indecomposable ΛHX -module.
Since Y | ΛHX ⊗Λ Y ∼= ΛHX ⊗Λ X , it is easy to see that there exists a unique i ∈ {1,2, . . . , r} such
that Y ∼= ρi ⊗k X . 
Lemma 2.6. Assume that Condition C holds. Then we have for any i ∈ {1,2, . . . , r}:
(1) ΛG ⊗ΛHX (ρi ⊗k X) ∼=
⊕
g∈GX
g X as Λ-modules;
(2) ΛG ⊗ΛHX (ρi ⊗k X) is an indecomposable ΛG-module;
(3) ΛG ⊗ΛHX (ρi ⊗k X)  ΛG ⊗ΛHX (ρ j ⊗k X) as ΛG-modules, if i 
= j;
(4) ΛG ⊗Λ X ∼=⊕ri=1 ΛG ⊗ΛHX (ρi ⊗k X) as ΛG-modules.
Proof. (1) Since ΛG ⊗ΛHX (ρi ⊗k X) ∼=
⊕
g∈GX g ⊗ ρi ⊗k X as ΛHX -modules and ρi ⊗k X ∼= X as
Λ-modules, we have ΛG ⊗ΛHX (ρi ⊗k X) ∼=
⊕
g∈GX g ⊗ X ∼=
⊕
g∈GX
g X .
(2) The result follows from that ΛG⊗ΛHX (ρi ⊗k X) ∼=
⊕
g∈GX
g X is an indecomposable G-invariant
Λ-module.
(3) Suppose that ΛG ⊗ΛHX (ρi ⊗k X) ∼= ΛG ⊗ΛHX (ρ j ⊗k X). Note that
ΛG ⊗ΛHX (ρi ⊗k X) ∼=
⊕
g∈GX
g ⊗ ρi ⊗k X
as ΛHX -modules, we have e ⊗ ρi ⊗k X | ΛG ⊗ΛHX (ρ j ⊗k X) ∼=
⊕
g∈GX g ⊗ ρ j ⊗k X . If e ⊗ ρi ⊗k X ∼=
e⊗ρ j ⊗k X , then ρi ⊗k X ∼= ρ j ⊗k X as ΛHX -modules. This contradicts to Lemma 2.5. If e⊗ρi ⊗k X ∼=
g ⊗ρ j ⊗k X for some e 
= g ∈ GX , we have X ∼= g X as Λ-modules since g ⊗ρ j ⊗k X ∼= g X . This is also
a contradiction.
(4) Note that ΛG ⊗ΛHX (ρi ⊗k X) | ΛG ⊗Λ ΛG ⊗ΛHX (ρi ⊗k X), by the statement (1) and
Lemma 2.4(2) we have ΛG ⊗ΛHX (ρi ⊗k X) | ΛG ⊗Λ (
⊕
g∈G g X) and ΛG ⊗ΛHX (ρi ⊗k X) | ΛG ⊗Λ XX
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(ρi ⊗k X) by Lemma 2.4(3). 
Proof of Theorem1.1. By Lemmas 2.1 and 2.2, if ΛG-module Y satisﬁes Y ∼=⊕g∈GX g X as Λ-modules,
then Y is an indecomposable ΛG-module. By [13, Lemma 3.2.1], Y | ΛG ⊗Λ Y ∼= ΛG ⊗Λ (⊕g∈GX g X).
On the other hand, ΛG ⊗Λ g X ∼= ΛG ⊗Λ X for any g ∈ G , we have Y | ΛG ⊗Λ X . Thus there exists
a unique i ∈ {1,2, . . . , r} such that Y ∼= ΛG ⊗ΛHX (ρi ⊗k X), by Lemma 2.6(4) and Krull–Schmidt
theorem. 
Proof of Theorem 1.2. Suppose Y is an indecomposable ΛG-module. Then Y is a G-invariant
Λ-module and Y ∼= ⊕sj=1(⊕g∈GX j g X j) with some indecomposable Λ-modules X1, X2, . . . , Xs .
Since Y | ΛG ⊗Λ Y ∼=⊕sj=1⊕g∈GX j ΛG ⊗Λ g X j , there exists a j such that Y | ΛG ⊗Λ X j . If we denote
by kHX j =
⊕r j
i=1 ρ
j
i the irreducible decomposition of kHX j as HX j -representations, then there exists
a unique ρ ji such that Y
∼= ΛG ⊗ΛHX j (ρ
j
i ⊗k X j) and Y ∼=
⊕
g∈GX j
g X j as Λ-modules, by Lemma 2.6.
Thus, Y is an indecomposable G-invariant Λ-module.
If Y is an indecomposable G-invariant Λ-module. By Lemma 2.3, Y is a ΛG-module and indecom-
posable since any ΛG-module is a G-invariant Λ-module. 
According to Theorem 1.1 and Theorem 1.2, we can obtain all ΛG-modules from indecomposable
Λ-modules under the assumption that G is abelian. In this case, for any indecomposable Λ-module X ,
the G-invariant Λ-module
⊕
g∈GX
g X has r non-isomorphic ΛG-module structures, where r = |HX |. It
is equivalent to say that there are r non-equivalent Λ-module isomorphisms {ϕg : g X → X}. Moreover,
we have
Proposition 2.7. Suppose G is an abelian group. For any indecomposable ΛG-module Y , we have:
(1) Y is simple if and only if there exists a simple Λ-moduleS , such that Y ∼=⊕g∈GS gS .
(2) Y is projective if and only if there exists an indecomposable projective Λ-module P , such that Y ∼=⊕
g∈GP
gP .
(2) Y is injective if and only if there exists an indecomposable injective Λ-module I , such that Y ∼=⊕
g∈GI
gI .
Proof. Suppose Y =⊕g∈GS gS for some simple Λ-module S . If there is a proper submodule Y ′
of Y , then Y ′ is a summand of Y as a Λ-module and Y ′ =⊕g∈E gS , where E is a proper subset
of GS . This is a contradiction by Lemma 2.1 since Y ′ is G-invariant. Conversely, given a simple ΛG-
module Y , by Theorem 1.2, there is an indecomposable Λ-module X , such that Y ∼=⊕g∈GX g X . If X
is not a simple Λ-module, there exists a proper submodule X ′ of X . It follows that
⊕
g∈GX ′
g X ′ is a
proper submodule of Y . This is also a contradiction and the statement (1) is proved.
Since X is a projective ΛG-module if and only if X as Λ-module is projective (cf. [13,
Lemma 3.1.7]), we get (2). By duality, we have (3). 
Finally, as an example, we consider the skew group algebras of deformed preprojective algebras.
For each ﬁnite group G ⊆ Aut(Q ), G acts in a natural way on the double quiver Q , i.e., g(a′) = g(a)′
for all g ∈ G and additive arrow a′ .
The deformed preprojective algebras deﬁned by ΠλQ := kQ /I , where λ = (λi)i∈I ∈ kI , I is the
ideal of path algebra kQ generated by the deformed preprojective relations. Note that g(I) = I for
any g ∈ G if and only if λ = (λi)i∈I satisﬁes
(∗) λi = λ j if vertices i and j are in the same G-orbit.
Thus, if λ = (λi)i∈I satisﬁes (∗), then G ⊆ Aut(Q , I) and we get
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composable (projective, injective) ΠλQ G-module if and only if Y is an indecomposable (projective, injective)
G-invariant ΠQ -module. Moreover, for any G-invariant ΠQ -module Y , the number of non-isomorphic ΠλQ G-
module structure on Y can be determined.
3. The reﬂection functors
In this section, we introduce a reﬂection functor for the module category of skew group algebras
of deformed preprojective algebras.
Firstly, let us recall some notations. The dimension vector of any representation V = (V i, Va)i∈I,a∈A
of quiver Q is denoted by dim V = (dimk V i)i∈I . The Ringel form for Q is deﬁned to be the bilinear
form on ZI with
〈α,β〉 =
∑
i∈I
αiβi −
∑
a∈A
αt(a)βh(a),
for α,β ∈ ZI . The bilinear form (α,β) = 〈α,β〉 + 〈β,α〉 is the corresponding symmetric bilinear
form.
We say that a vertex i is loop-free if there are no arrows a : i → i, and if so, we deﬁne a simple
reﬂection ri : ZI → ZI by
ri(α) = α − (α, εi)εi,
where εi is the coordinate vector at i. There is a dual reﬂection di : kI → kI deﬁne by (diλ) j =
λ j − (εi, ε j)λi , for any j ∈ I , λ ∈ kI . By direct calculation, we have diλ · α = λ · riα for any λ ∈ kI and
α ∈ ZI .
Let G ⊆ Aut(Q ) be a ﬁnite group. For a ∈ A, i ∈ I , we denote by Oa and Oi the orbit of a and i
respectively under the action of G , by SOa Q the quiver obtained from Q by reversing the direction of
all arrows in Oa , and by SOi Q the quiver obtained from Q by reversing the direction of all arrows a
satisfying h(a) or t(a) in Oi , respectively. Obviously, for any i ∈ I , there exist {a1,a2, . . . ,an} ⊆ A such
that Oi =⋃nj=1 Oa j and Oa j 
= Oal if j 
= l. Note that for any arrows a,a′ ∈ A, a′ is also an arrow in
SOa Q if a′ /∈ Oa , we have
SOi Q = SOan · · · SOa2 SOa1 Q .
If we denote by b∗ the reversed arrow in SOa Q corresponding to b, the action of G on SOa Q is
deﬁned by g(b∗) = g(b)∗ , then G ⊆ Aut(SOa Q ) and hence G ⊆ Aut(SOi Q ), for all a ∈ A and i ∈ I .
The action of G on Q is called admissible if Q have no arrows connecting two vertices in the
same G-orbit. If the action of G is admissible, then
rOi =
∏
j∈Oi
r j and dOi =
∏
j∈Oi
d j
are well deﬁned.
Considering the skew group algebra ΠλQ G , where λ = (λi)i∈I satisfying (∗): λi = λ j if vertices i and
j are in the same orbit under the action of G . If the action of G is admissible, dOiλ also satisﬁes (∗).
Therefore, we get a new skew group algebra Π
dOi λ
Q G . By [5, Lemma 2.2], it is well known that a
deformed preprojective algebra ΠλQ does not depend on the orientation of Q . Therefore, we have
algebraic isomorphisms ΠλQ
∼= ΠλS Q ∼= ΠλS Q for any a ∈ A, i ∈ I .Oa Oi
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∼= ΠλSOa Q G ∼= ΠλSOi Q G as algebras for any a ∈ A, i ∈ I .
Proof. Note that the action of G on SOa Q is given by g(b∗) = g(b)∗ , for any g ∈ G and any reversed
arrow b∗ of b in SOa Q , there is an isomorphism F : ΠλQ G → ΠλSOa Q G by sending b to (b∗)′ and b′ to
−b∗ , for all b ∈ Oa . We conclude that ΠλQ G ∼= ΠλSOa Q G , and ΠλQ G ∼= ΠλSOi Q G . 
In [5], Crawley-Boevey and Holland introduced an interesting reﬂection functor for deformed pre-
projective algebras. We want to deﬁne a reﬂection functor for skew group algebras of deformed
preprojective algebras.
Firstly, we recall the deﬁnition of the reﬂection functor deﬁned in [5]. Let V be a ΠλQ -module.
We can identify V with a representation (Vi, Va)i∈I,a∈A of double quiver Q satisfying the deformed
preprojective relations ∑
a∈A, h(a)= j
VaVa′ −
∑
a∈A, t(a)= j
Va′Va − λ j idV j , ∀ j ∈ I.
Suppose that i ∈ I is loop-free, λi 
= 0, and no element a ∈ A such that t(a) = i. We deﬁne a new
representation Ei V = W := (Wi,Wa)i∈I,a∈A for the double quiver Q by let Wi = Kerπ , Wi = V j for
j 
= i, and with linear maps Wa = Va , Wa′ = Va′ if h(a) /∈ Oi , while if h(a) = j ∈ Oi ,
Wa = −λ j(1− μπ)μa : Wt(a) → W j, Wa′ = πa|W j : W j → Wt(a),
where V⊕ =⊕a∈A,h(a)= j Vt(a) , μa : Vt(a) → V⊕ , πa : V⊕ → Vt(a) is the canonical inclusion and pro-
jection, and μ=∑a∈A,h(a)= j μaVa′ , π= 1λ j ∑a∈A,h(a)= j Vaπa . One can check that W =(Wi,Wa)i∈I,a∈A
is a ΠdiλQ -module, and Ei V = Ei V ′ ⊕ Ei V ′′ if V = V ′ ⊕ V ′′ . Therefore, Ei V is indecomposable if and
only if V is indecomposable.
Theorem 3.2. (See [5].) If i is a loop-free vertex, λi 
= 0, then there is an equivalence
Ei : ΠλQ -mod→ ΠdiλQ -mod,
V = (Vi, Va)i∈I, a∈A → W = (Wi,Wa)i∈I, a∈A
that acts as the reﬂection ri on dimension vector.
Now, we consider the action of G . If the action of G on Q is admissible and λi 
= 0, then the
functor EOi :=
∏
j∈Oi E j : ΠλQ -mod→ Π
dOi λ
Q -mod is well deﬁned, since there is no arrow in Q con-
necting two vertices in the same G-orbit and λ j 
= 0 for each j ∈ Oi . Moreover, it is easy to see that
EOi is a reﬂection functor since so E j , j ∈ Oi are.
Lemma 3.3. Assume that i is a loop-free vertex and λi 
= 0, and the action of G is admissible, then for each
indecomposable ΠλQ -module X, we have:
(1) HX = HEOi X . In this case, we can take GEOi X = GX .
(2) EOi g X ∼= g(EOi X) as Π
dOi λ
Q -modules, for each g ∈ G. Thus
EOi
( ⊕
g∈GX
g X
)
∼=
⊕
g∈GEOi X
g(EOi X).
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are representations of double quiver Q satisfying the corresponding preprojective relations, respec-
tively.
(1) For each g ∈ HX , we have X ∼= g X . This means that Xi ∼= Xg−1(i) , Xa ≈ Xg−1(a) as well as
Xa′ ≈ Xg−1(a′) for any i ∈ I , a ∈ A. By the deﬁnition of Ei , it is easy to see that Yi ∼= Yg−1(i) , Ya ≈ Yg−1(a)
and Ya′ ≈ Yg−1(a′) for any i ∈ I , a ∈ A. Hence g ∈ HEOi X and HX ⊆ HEOi X . Similarly, we have
HEOi X ⊆ HX since EOi is a reﬂection functor. Therefore HX = HEOi X .
(2) Note that E j g X ∼= g(Eg( j)X) as Πd jλQ -modules for all j ∈ Oi , g ∈ G , and g(Oi) = Oi . Accordingly,
if Oi := { j1, j2, . . . , jn}, it is easy to see that
EOi
g X = E jn · · · E j2 E j1 g X ∼= g(Eg( jn) · · · Eg( j2)Eg( j1)X) = g(EOi X).
Since the reﬂection functor Ei preserves direct sum, it follows that
EOi
( ⊕
g∈GX
g X
)
∼=
⊕
g∈GX
g(EOi X) =
⊕
g∈GEOi X
g(EOi X).
The proof of the lemma is completed. 
Proof of Theorem 1.3. It is suﬃcient to prove the theorem for indecomposable modules.
By Theorem 1.1 and Theorem 1.2, for any indecomposable ΠλQ G-module V , there is an indecom-
posable ΠλQ -module X such that V
∼=⊕g∈GX g X . Note that the ΠλQ G-module structure on ⊕g∈GX g X
is induced by some {ϕg}, where ϕg : X g → X is ΠλQ -modules isomorphism and satisﬁes ϕ|g|g = idg Y
for any g ∈ G . In this case, the ΠλQ G-module V is said to be induced by {ϕg}.
Given an indecomposable ΠλQ G-module V =
⊕
g∈GX
g X induced by {ϕg}. Note that EOi is the
reﬂection functor of ΠλQ -modules, we have EOiϕg : g(EOi X) → EOi X is an isomorphism as ΠλQ -
modules and (EOiϕg)|g| = idg (EOi X) for any g ∈ G . We now deﬁne Fi V =
⊕
g∈GX
g(EOi X) with a
Π
dOi λ
Q G-module structure induced by EOiϕg .
Let us suppose that the ΠλQ G-modules V and V
′ are induced by {ϕg} and {ψg} respectively. For
any homomorphism f : V → V ′ in ΠλQ G-mod, we deﬁne the homomorphism Fi f := EOi f : Fi V →
Fi V ′ . Then Fi is well deﬁned, since
Fi f (gav) = EOi f
(
EOiϕg(av)
)= EOi ( f ϕg)(av) = EOi (ψg f )(av)
= EOiψg
(
EOi f (av)
)= EOiψg(aEOi f (v))= gaFi f (v),
for any ga ∈ ΠλQ G , v ∈ Fi V . Thus, we obtain the functor
Fi : ΠλQ G-mod→ Π
dOi λ
Q G-mod.
Moreover, note that Fi V ∼= EOi V as ΠλQ -modules, we have dim Fi V = rOi dim V by Theorem 3.2.
As a matter of fact, we can also deﬁne a functor
F ′i : Π
dOi λ
Q G-mod→ ΠλQ G-mod
in a similar way. Note that HX = HEOi X , it is straightforward to check that there are natural isomor-
phisms V → F ′i F i V and W → Fi F ′iW . Therefore Fi is an equivalence. 
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The length l(w) of w ∈ W is said to be n if there is an expression w = rOin · · · rOi2 rOi1 with shortest
length. For each w ∈ W , we deﬁne an action of w on kI by
(wλ) · α = λ · (w−1α)
for all λ ∈ kI , α ∈ ZI . If w = rOin · · · rOi2 rOi1 , it is easy to see that wλ = dOi1dOi2 · · ·dOin λ and λ
satisﬁes (∗) if and only if wλ satisﬁes (∗).
Corollary 3.4. Suppose G is an abelian group acting on Q admissibly. If μ = wλ for some w ∈ W such that
w has minimal length with this property, then there is an equivalence
ΠλQ G-mod→ ΠμQ G-mod,
which acts as w on dimension vector.
Proof. By induction on the length of w , it deduces to the case when w is the reﬂection rOi for some
i ∈ I . Let w = rOi , if λi = 0, then wλ = λ, this contradicts to the minimality of w . So λi 
= 0 and the
corollary follows from Theorem 1.3. 
4. Morita equivalence
The aim of this section is to prove Theorem 1.4. Firstly, let us recall some deﬁnitions of group
species and their representations introduced in [6].
Deﬁnition 4.1. A group species is a triple Γ = (I, (Gi)i∈I , (Ai, j)(i, j)∈I2 ), where I is a set, Gi is a group
for i ∈ I , and Ai, j is a (kG j,kGi)-bimodule for (i, j) ∈ I2 (kG j acts on the left and kGi acts on the
right).
Deﬁnition 4.2. A representation of Γ is a pair ((Vi)i∈I , (xi, j)(i, j)∈I2 ), where Vi is a k-representation of
Gi for i ∈ I , and xi, j ∈ HomGi (Ai, j ⊗Gi V i, V j) for (i, j) ∈ I2.
Let V = ((Vi)i∈I , (xi, j)(i, j)∈I2 ) and V ′ = ((V ′i )i∈I , (x′i, j)(i, j)∈I2 ) be two representations of Γ , the mor-
phism from V to V ′ is a family ( f i)i∈I ∈∏i∈I HomGi (Vi, V ′i ) such that the following diagram commute
Ai, j ⊗Gi V i
xi, j
idAi, j ⊗ f i
V j
f j
Ai, j ⊗Gi V ′i
x′i, j
V ′j .
A representation V = ((Vi)i∈I , (xi, j)(i, j)∈I2 ) is said to be ﬁnite if each dimk(Vi) is ﬁnite. It is easy to
check that all ﬁnite representations of a group species Γ together with the morphisms deﬁned as
above form an abelian category. We denote it by Rep(Γ ).
Obviously, if Gi is a trivial group for each i ∈ I , the category Rep(Γ ) coincides with the category
of ﬁnite representations of quiver.
Let G , H be two groups. For any (kG,kH)-bimodule V and (kH,kG)-bimodule V ′ , a non-
degenerate paring between V and V ′ is a bilinear map 〈−,−〉 from V × V ′ to k such that for all
v ∈ V \ {0} and v ′ ∈ V ′ \ {0}, 〈v,−〉 and 〈−, v ′〉 do not vanish and such that for all (g,h) ∈ G × H and
(v, v ′) ∈ V × V ′ , 〈gvh, v ′〉 = 〈v,hv ′g〉.
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Γ = (I, (Gi)i∈I , (Ai, j)(i, j)∈I2 ) is a group species and for each (i, j) ∈ I2, 〈−,−〉i, j is a non-degenerate
paring between Ai, j and A j,i satisfying for each (a,a′) ∈ Ai, j × A j,i , 〈a,a′〉i, j = 〈a′,a〉 j,i , and εi, j is an
automorphism of Ai, j such that εi, j = −tε j,i (tε j,i is the transpose of ε j,i ).
By the deﬁnition, one see that Γ d is a double quiver if Γ is a quiver.
Let now Γ d = (Γ, (〈−,−〉i, j)(i, j)∈I2 , (εi, j)(i, j)∈I2 ) be a double group species. For each representation
((Vi)i∈I , (xi, j)(i, j)∈I2 ) of Γ d and (i, j) ∈ I2, there is an isomorphism [6]:
ϕ : HomG j (Ai, j ⊗Gi V i, V j) → HomGi (Vi, A j,i ⊗G j V j),
f → f˜
where f˜ (v) =∑a∈Bi, j a∗ ⊗ f (a ⊗ v) for v ∈ Vi , Bi, j is a basis of Ai, j and a∗ is the element of A j,i
corresponding to a in the dual basis (under the bilinear form 〈−,−〉i, j) of Bi, j . By this isomorphism,
we give one deﬁnition as follows.
Deﬁnition 4.4. For any λ = (λi)i∈I ∈ kI , a representation ((Vi)i∈I , (xi, j)(i, j)∈I2 ) of double group species
Γ d = (Γ, (〈−,−〉i, j)(i, j)∈I2 , (εi, j)(i, j)∈I2 ) is said to satisfy the λ-preprojective relations if for each i ∈ I ,∑
j∈I
x j,i ◦ (ε j,i ⊗ idV j ) ◦ x˜i, j − λi = 0.
Note that all representations of Γ d satisfying λ-preprojective relations form a full subcategory of
Rep(Γ ), which is denoted by λ-Rep(Γ ). In particular, if Γ is a double quiver, the λ-preprojective
relations coincide with the deformed preprojective relations stated in Section 3.
The following lemma is similar to [6, Lemma 13]. For the completeness we skecth the proof.
Lemma 4.1. The category λ-Rep(Γ ) does not depend on the choice of εi, j or 〈−,−〉i, j up to isomorphism.
Proof. It suﬃces to prove there is a category equivalence
F : Rep(Γ ) → Rep(Γ )
such that F sends the λ-preprojective relations of Γ d1 = (Γ, (〈−,−〉i, j)(i, j)∈I2 , (εi, j)(i, j)∈I2 ) to the λ-
preprojective relations of Γ d2 = (Γ, (〈−,−〉′i, j)(i, j)∈I2 , (ε′i, j)(i, j)∈I2 ), for any double group species Γ d1
and Γ d2 .
First of all, we prove that λ-Rep(Γ ) does not depend on the choice of εi, j . Given any (i, j) ∈ I2,
we deﬁne an automorphism ϕi, j of Ai, j such that ϕ j,i = ε′j,i tϕi, j−1ε−1j,i , and a functor
F : Rep(Γ ) → Rep(Γ ),(
(Vi)i∈I , (xi, j)(i, j)∈I2
) → ((Vi)i∈I , (xi, j ◦ (ϕ−1i, j ⊗ idVi ))(i, j)∈I2).
One can check that F is an equivalence of categories. F sends the representations of Γ satisfying
λ-preprojective relations of type εi, j to the representations of Γ satisfying λ-preprojective relations
of type ε′i, j .
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= 〈−,−〉i, j . For any (i, j) ∈ I2, any basis Bi, j of Ai, j , we denote by
d(x) and d′(x) the dual basis of the element x ∈ Bi, j for the pairing 〈−,−〉i, j and 〈−,−〉′i, j respec-
tively. Let ε′′i, j be the automorphism of Ai, j satisfying ε
′′
i, j(d
′(x)) = εi, j(d(x)) for any x ∈ Bi, j . Note
that ε′′i, j does not depend on the basis Bi, j , we have ε′′i, j = −tε′′j,i ⇔ ε′′i, j(d′(ε′′j,i(d′(x)))) = −x, ∀x ∈
Bi, j ⇔ εi, j(d(ε j,i(d(x)))) = −x, ∀x ∈ Bi, j ⇔ εi, j = −tε j,i . Therefore, (Γ, (〈−,−〉′i, j)(i, j)∈I2 , (ε′′i, j)(i, j)∈I2 )
is a double group species and for each i ∈ I ,
∑
j∈I
x j,i ◦ (ε j,i ⊗ idV j ) ◦ x˜i, j − λi = 0 if and only if
∑
j∈I
x j,i ◦
(
ε′′j,i ⊗ idV j
) ◦ x˜i, j − λi = 0.
Hence, it reduces the case that λ-Rep(Γ ) does not depend on the choice of εi, j again. 
From now on, we view Λ and kG as subalgebras of ΛG and identify ΛG with the algebra
〈
Λ,kG
∣∣ g(a) = gag−1, ∀g ∈ G, ∀a ∈ Λ〉algebra
for any skew group algebra ΛG .
Given a ﬁnite quiver Q = (I, A) and a group G ⊆ Aut(Q ), then G acts on the path algebra kQ by
permuting the set of primitive idempotents {ei | i ∈ I}. It induces an action of G on kQ in a natural
way, i.e., (a′)g = (ag)′ for any a ∈ A and g ∈ G . As in Section 2, we get a skew group algebra ΠλQ G ,
where λ = (λi)i∈I satisﬁes λi = λ j if vertices i and j are in the same G-orbit.
For each i ∈ I , we denote by Gi the subgroup of G stabilizing ei , and by
Ai, j := e j
(
rad(kQ )/ rad2(kQ )
)
ei,
where rad(kQ ) is the Jacobson radical of kQ . Then we can get a group species
Γ := (I, (Gi)i∈I , (Ai, j)(i, j)∈I2)
and a double group species
Γ d = (Γ , (〈−,−〉i, j)(i, j)∈I2 , (εi, j)(i, j)∈I2),
where Γ := (I, (Gi)i∈I , (Ai, j)(i, j)∈I2 ), Ai, j = Ai, j ⊕ A∗j,i ,A∗j,i := Homk(A j,i,k), εi, j = idAi, j ⊕(− idA∗j,i ),
and 〈−,−〉i, j : Ai, j × A j,i → k given by
〈a,b〉i, j = b2(a1) + a2(b1)
for a = (a1,a2) ∈ Ai, j and b = (b1,b2) ∈ A j,i . It is easy to see that
(1) 〈gag−1, gbg−1〉gi,g j = 〈a,b〉i, j , for a ∈ Ai, j , b ∈ A j,i and g ∈ G;
(2) εgi,g j
(
gag−1) = gεi, j(a)g−1, for a ∈ Ai, j , and g ∈ G
where we denote gi := g(i) for convenience.
Let I˜ be a set of representatives of the classes of I under the action of G on I , Ei, j a set of
representatives of the classes of I˜ 2 under the action of G on Oi × O j , where Oi is the G-orbit of i. If
i0 ∈ I˜ is a representative of the class of i, we denote by κi the element of G such that κi i0 = i.
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A˜i, j =
⊕
(i′, j′)∈Ei, j
G jκ
−1
j′ Ai′, j′κi′Gi .
It is easy to check that A˜i, j is a (kG j,kGi)-bimodule and A˜i, j does not depend on the choice
of Ei, j . Therefore, we get a group species Γ˜G := (˜I, (Gi)i∈˜I , ( A˜i, j)(i, j)∈˜I 2 ). Secondly, for any (i, j) ∈ I˜ 2,
h1κ
−1
j′ aκi′ g1 ∈ A˜i, j , g2κ−1i′′ bκ j′′h2 ∈ A˜ j,i , we deﬁne〈
h1κ
−1
j′ aκi′ g1, g2κ
−1
i′′ bκ j′′h2
〉′
i, j
=
{
〈κ j′′h2h1κ−1j′ aκi′ g1g2κ−1i′′ ,b〉i′, j′ , if (i′, j′) = (i′′, j′′), and κ j′′h2h1κ−1j′ κi′ g1g2κ−1i′′ = e;
0, otherwise,
and ε′i, j(h1κ
−1
j′ aκi′ g1) = 1|Gi ||G j |h1κ−1j′ εi, j(a)κi′ g1. Then, (Γ˜G , (〈−,−〉′i, j)(i, j)∈I2 , (ε′i, j)(i, j)∈I2 ) is a double
group species (see [6, Lemma 16]). We deﬁne a functor
Φ : (kQ )G-Mod→ Rep(Γ˜G),
V → ((Wi)i∈˜I , (yi, j)(i, j)∈˜I 2)
where Wi = ei V for each i ∈ I˜ and yi, j : A˜i, j ⊗Gi Wi → W j , yi, j(a⊗ v) = av for each (i, j) ∈ I˜ 2. Then,
by [6, Proposition 15] we have
Lemma 4.2. Φ : (kQ )G-Mod→ Rep(Γ˜G) is a categories equivalence.
For i, j ∈ I , we deﬁne an equivalence relation “ ∼ " on Gi × G j by (g,h) ∼ (g′,h′) if and only if
hκ−1j κi g = h′κ−1j κi g′ , and denote by Gi, j the set of representatives of the equivalence classes for this
relation, then
B˜i, j =
⋃
(i′, j′)∈Ei, j
⋃
(g,h)∈Gi′, j′
hκ−1j′ Bi′, j′κi′ g
is a basis of A˜i, j for any (i, j) ∈ I2, where Bi, j is a basis of Ai, j [6]. One can check that, if
h1κ
−1
j′ aκi′ g1 ∈ B˜i, j , the dual basis of A˜i, j in B˜i, j for 〈−,−〉′i j is (h1κ−1j′ aκi′ g1)∗ = g−11 κ−1i′ a∗κ j′h−11 ,
where a∗ is the dual basis of A j′,i′ corresponding to a in Bi′, j′ for 〈−,−〉i′, j′ .
As the proof of [6, Proposition. 17], we have
Proposition 4.3. If λ = (λi)i∈I satisﬁes λi = λ j for any vertices i, j in the same G-orbit, then the category of
representations of (kQ )G satisfying the λ-preprojective relations is equivalent to the category of representa-
tions of Γ˜G satisfying the ξ -preprojective relations, where ξ = (ξi0 )i0∈˜I , ξi0 = λi|Gi | if i ∈ Oi0 .
Proof. Note that |Gi | = |G j | if i and j are in the same G-orbit. The hypothesis of λ = (λi)i∈I ,
ξ = (ξi0 )i0∈˜I are given well.
Recall that there is an equivalence functor Φ : (kQ )G-Mod→ Rep(Γ˜G) and every (kQ )G represen-
tation V = ((Vi)i∈I , (xi, j)(i, j)∈I2 ) is G-invariant. It follows that∑
j∈I
x j,i ◦ (ε j,i ⊗ idV j ) ◦ x˜i, j − λi idVi = 0
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reduces to prove that Φ(V ) = ((Wi)i∈˜I , (yi, j)(i, j)∈˜I 2 ) satisﬁes
∑
j∈I y j,i ◦(ε′j,i ⊗ idW j )◦ y˜i, j −ξi idWi = 0
if and only if V = ((Vi)i∈I , (xi, j)(i, j)∈I2 ) satisﬁes
∑
j∈I x j,i ◦ (ε j,i ⊗ idV j ) ◦ x˜i, j − λi idVi = 0 for any i ∈ I˜
and (kQ )G-module V . For all i ∈ I˜ and v ∈ Wi , we have
λi v =
∑
j∈˜I
y j,i ◦
(
ε′j,i ⊗ idW j
) ◦ y˜i, j(v) =∑
j∈˜I
∑
a∈B˜i, j
ε′j,i
(
a∗
)
av
=
∑
j∈˜I
∑
(i′, j′)∈Ei, j
∑
(g,h)∈Gi′, j′
∑
a∈Bi′, j′
ε′j,i
((
g−1κ−1i′ aκ j′h
−1)∗)hκ−1j′ aκi′ gv
=
∑
j∈˜I
∑
(i′, j′)∈Ei, j
∑
(g,h)∈Gi′, j′
∑
a∈Bi′, j′
1
|Gi′ ||G j′ | g
−1κ−1i′ ε j′,i′
(
a∗
)
aκi′ gv
= 1|Gi|
∑
j∈˜I
1
|G j|
∑
(i′, j′)∈Ei, j
∑
(g,h)∈Gi′, j′
∑
a∈Bi′, j′
εg−1κ−1
i′ j
′,i
(
g−1κ−1i′ a
∗κi′ g
)
g−1κ−1i′ aκi′ gv
= 1|Gi|
∑
j∈˜I
1
|G j|
∑
(i′, j′)∈Ei, j
∑
(g,h)∈Gi′, j′
∑
a∈B
i,g−1κ−1
i′ j
′
εg−1κ−1
i′ j
′,i
(
a∗
)
av
= 1|Gi|
∑
j∈˜I
1
|G j|
∑
(i′, j′)∈Ei, j
∑
(g,h)∈Gi′, j′
xg−1κ−1
i′ j
′,i ◦ (εg−1κ−1
i′ j
′,i ⊗ idWg−1κ−1
i′ j′
) ◦ x˜i,g−1κ−1
i′ j
′(v).
Deﬁne a map ζi′, j′ : Gi′, j′ → I by (g,h) → g−1κ−1i′ j′ for all (i′, j′) ∈ Ei, j , i, j ∈ I . It is easy to
check that Im ζi′, j′ = Ii′, j′ := { j′′ ∈ I | ∃g ∈ G, such that (i, j′′) = g(i′, j′)} and |ζ−1i′, j′ ( j′′)| = |G j | for any
j′′ ∈ Ii′, j′ , where ζ−1i′, j′ ( j′′) is the set of preimages of j′′ . Note that
I =
⋃
j∈˜I
⋃
(i′, j′)∈Ei, j
I i′, j′ ,
it follows that
∑
j∈˜I
1
|G j|
∑
(i′, j′)∈Ei, j
∑
(g,h)∈Gi′, j′
xg−1κ−1
i′ j
′,i ◦ (εg−1κ−1
i′ j
′,i ⊗ idWg−1κ−1
i′ j
′ ) ◦ x˜i,g−1κ−1
i′ j
′(v) − ξi v
=
∑
j∈I
x j,i ◦ (ε j,i ⊗ idV j ) ◦ x˜i, j(v) − λi v
for all i ∈ I˜ . The proof is completed. 
In the following we deﬁne a new quiver QG = (IG , (A′(i,ρ),( j,σ ))((i,ρ),( j,σ ))∈I2G ) associated with the
group species Γ˜G = (˜I, (Gi)i∈˜I , ( A˜i, j)(i, j)∈˜I 2 ) by
IG =
⋃
˜{i} × irr(Gi) and A
′
(i,ρ),( j,σ ) = HomG j ( A˜i, j ⊗Gi ρ,σ )∗,i∈I
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set of representatives of isomorphism classes of irreducible representations of Gi .
For (i,ρ), ( j, σ ) ∈ IG and two vector species V , W , there is a linear isomorphism
ϕ(i,ρ),( j,σ ) : Homk
(
HomG j ( A˜i, j ⊗Gi ρ,σ )∗ ⊗k V ,W
)→ HomG j ( A˜i, j ⊗Gi ρ ⊗k V ,σ ⊗k W )
deﬁne by ϕ(i,ρ),( j,σ )( f )(a⊗ t ⊗ v) =∑g∈B(i,ρ),( j,σ ) g(a⊗ t)⊗ f (g∗ ⊗ v), which does not depend on the
choice of a basis B(i,ρ),( j,σ ) of HomG j ( A˜i, j ⊗Gi ρ,σ ).
By [6, Proposition 19], if we deﬁne the functor
Ψ : kQG-Mod→ Rep(Γ˜G),(
(V (i,ρ))(i,ρ)∈IG , (x(i,ρ),( j,σ ))((i,ρ),( j,σ ))∈I2G
) → ((Wi)i∈˜I , (yi, j)(i, j)∈˜I 2)
where Wi =⊕ρ∈irr(Gi) ρ ⊗k V (i,ρ) and yi, j = (ϕ(i,ρ),( j,σ )(x(i,ρ),( j,σ )))| irr(G j)|×| irr(Gi)| for i, j ∈ I˜ . We
have
Lemma 4.4. Ψ : kQ G-Mod→ Rep(Γ˜G) is a categories equivalence.
We claim that QG is a double quiver. Indeed, let (i,ρ), ( j, σ ) ∈ IG , f ∈ A′ ∗(i,ρ),( j,σ ) =
HomG j ( A˜i, j ⊗Gi ρ,σ ), and g ∈ A′ ∗( j,σ ),(i,ρ) = HomGi ( A˜ j,i ⊗G j σ ,ρ), we deﬁne a map
φa : ρ → ρ,
r → g(a∗ ⊗ f (a⊗ r))
where a ∈ B˜i, j , a∗ is the element of A˜ j,i corresponding to a in the dual basis of B˜i, j for 〈−,−〉′i, j . It
is easy to see that φa is a Gi-representation homomorphism. Since ρ is irreducible, we know that φa
is a multiple of the identity and g(a∗ ⊗ f (a⊗ r)) = 1dimk ρ Trφa · r, where Trφa is the trace of φa . Now,
we let
〈 f , g〉(i,ρ),( j,σ ) =
∑
a∈B˜i, j
Trφa and ε( j,σ ),(i,ρ)( f ) = f ◦
(tε′j,i ⊗ idρ)= − f ◦ (ε′i, j ⊗ idρ),
for (i,ρ), ( j, σ ) ∈ IG . One can check that 〈−,−〉(i,ρ),( j,σ ) is a non-degenerate paring and ε( j,σ ),(i,ρ) =
−tε(i,ρ),( j,σ ) . Thus, one has also a non-degenerate paring between A′(i,ρ),( j,σ ) and A′( j,σ ),(i,ρ) , which
we also denote by 〈−,−〉(i,ρ),( j,σ ) . The automorphism ε(i,ρ),( j,σ ) can be seen as an automorphism of
A′
(i,ρ),( j,σ ) through 〈−,−〉(i,ρ),( j,σ ) , and therefore QG is a double quiver.
Proposition 4.5. For any ξ = (ξi)i∈˜I , the category of representations of Γ˜G satisfying the ξ -preprojective
relations is equivalent to the category of representations of Q G satisfying the η-preprojective relations, where
η = (η(i,ρ))(i,ρ)∈IG satisfying η(i,ρ) = dimk ρ · ξi .
Proof. Denote by B(i,ρ),( j,σ ) a basis of HomG j ( A˜i, j ⊗Gi ρ,σ ) such that B(i,ρ),( j,σ ) and B( j,σ ),(i,ρ) form
a dual basis for 〈−,−〉( j,σ ),(i,ρ) . Let α ∈ B(i,ρ),( j,σ ) , β ∈ B( j,σ ),(i,τ ) , we deﬁne a map ϕα,β : ρ → τ ,
by ϕα,β(r) =∑a∈B˜i, j β(ε′j,i(a∗) ⊗ α(a ⊗ r)) for any r ∈ ρ . One can check that ϕα,β does not de-
pend on the choice of a basis B˜i, j of A˜i, j , and ϕα,β is a Gi-representations homomorphism (or see
[6, Proposition 20]).
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= ρ , since τ and ρ are irreducible. And if τ = ρ , for any r ∈ ρ , there is
ϕα,ε−1
(i,ρ),( j,σ )(β)
(r) =
∑
a∈B˜i, j
ε−1
(i,ρ),( j,σ )(β)
(
ε′j,i
(
a∗
)⊗ α(a ⊗ r))
= −
∑
a∈B˜i, j
(
β ◦ (ε′−1j,i ⊗ idσ ))(ε′j,i(a∗)⊗ α(a ⊗ r))
= −
∑
a∈B˜i, j
β
(
a∗ ⊗ α(a ⊗ r))= −〈α,β〉(i,ρ),( j,σ )
dimk ρ
r.
Now, for any given QG -representation V = ((V (i,ρ))(i,ρ)∈IG , (x(i,ρ),( j,σ ))((i,ρ),( j,σ ))∈I2G ), if Ψ (V ) =
((Wi)i∈˜I , (yi, j)(i, j)∈˜I 2 ) satisﬁes the ξ -preprojective relations, that is, for all i ∈ I˜ and r ⊗ v ∈ ρ ⊗
V (i,ρ) ⊆ Wi ,
ξi(r ⊗ v)
=
∑
i∈˜I
y j,i ◦
(
ε′j,i ⊗ idW j
) ◦ y˜i, j(r ⊗ v) =∑
j∈˜I
y j,i
((
ε′j,i ⊗ idW j
)( ∑
a∈B˜i, j
a∗ ⊗ yi, j(a ⊗ r ⊗ v)
))
=
∑
j∈˜I
y j,i
((
ε′j,i ⊗ idW j
)( ∑
a∈B˜i, j
a∗ ⊗
∑
σ∈irr(G j)
∑
a∈B(i,ρ),( j,σ )
α(a ⊗ r) ⊗ x(i,ρ),( j,σ )
(
α∗ ⊗ v)))
=
∑
j∈˜I
∑
a∈B˜i, j
∑
σ∈irr(G j)
∑
a∈B(i,ρ),( j,σ )
y j,i
(
ε′j,i
(
a∗
)⊗ α(a ⊗ r) ⊗ x(i,ρ),( j,σ )(α∗ ⊗ v))
=
∑
j∈˜I
∑
α∈B˜i, j
∑
σ∈irr(G j)
τ∈irr(Gi)
∑
α∈B(i,ρ),( j,σ )
β∈B( j,σ ),(i,τ )
β
(
ε′j,i
(
a∗
)⊗ α(a ⊗ r))⊗ x( j,σ ),(i,ρ)(β∗ ⊗ x(i,ρ),( j,σ )(α∗ ⊗ v))
=
∑
( j,σ )∈IG
∑
α∈B(i,ρ),( j,σ )
β∈B( j,σ ),(i,τ )
ϕα,β(r) ⊗ x( j,σ ),(i,ρ)
(
β∗ ⊗ x(i,ρ),( j,σ )
(
α∗ ⊗ v))
=
∑
( j,σ )∈IG
∑
α∈B(i,ρ),( j,σ )
β∈B( j,σ ),(i,τ )
ϕα,ε−1
(i,ρ),( j,σ )(β)
(r) ⊗ x( j,σ ),(i,ρ)
((
ε−1
(i,ρ),( j,σ )(β)
)∗ ⊗ x(i,ρ),( j,σ )(α∗ ⊗ v))
= −
∑
( j,σ )∈IG
∑
α∈B(i,ρ),( j,σ )
β∈B( j,σ ),(i,τ )
〈α,β〉(i,ρ),( j,σ )
dimk ρ
r ⊗ x( j,σ ),(i,ρ)
(tε(i,ρ),( j,σ )(β∗)⊗ x(i,ρ),( j,σ )(α∗ ⊗ v))
= r
dimk ρ
⊗
∑
( j,σ )∈IG
∑
α∈B(i,ρ),( j,σ )
x( j,σ ),(i,ρ)
(
ε( j,σ ),(i,ρ)(α) ⊗ x(i,ρ),( j,σ )
(
α∗ ⊗ v))
= r
dimk ρ
⊗
∑
( j,σ )∈IG
x( j,σ ),(i,ρ) ◦ (ε( j,σ ),(i,ρ) ⊗ idV ( j,σ ) ) ◦ x˜(i,ρ),( j,σ )(v).
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1
1′ 
 2
2′ 

· · ·
· · ·

 n
n′


n + 1 Z2 n 
 n + 1
′

n + 1
1  2  · · · 
D4:
1

 2
′′

 2′
2
S3
1′
1
1′′


2
2′
	







D4:
1

 2
′′

 2′
2
Z3 21  

1′
1′′

Dn (n 3):
n − 2 
 n − 1
′

n − 1
1  2  · · · 
Z2
1
1′ 
 2
2′ 

· · ·
· · ·

 n − 2
n − 2′ 


n − 1
E6: 1

2  3  43′4′
Z2
4

3  2  12′1′
This is equivalent to say that
∑
( j,σ )∈IG
x( j,σ ),(i,ρ) ◦ (ε( j,σ ),(i,ρ) ⊗ idV ( j,σ ) ) ◦ x˜(i,ρ),( j,σ )(v) − η(i,ρ)(v) = 0,
for any v ∈ V (i,ρ) . Thus the proof is completed. 
Proof of Theorem 1.4. It follows from Proposition 4.3 and Proposition 4.5. 
By the deﬁnition, for any quiver Q we can get the quiver QG , given by the double group species
corresponding to Q . In particular, if Q is a Dynkin quiver, we can describe the quiver QG immediately
by direct calculation, which are given as Table 1.
Since the deformed preprojective algebra ΠλQ does not depend on the orientation of Q , the above
table shows that for all the Dynkin quivers with relevant nontrivial automorphism group, QG is also
a Dynkin quiver. Thus, by [5, Theorem 7.3] we have
Corollary 4.6. Assume that Q is a Dynkin quiver and λ = (λi)i∈I satisﬁes λi = λ j once the vertices i and j are
in the same G-orbit. Then there is a Dynkin quiver Q ′ such that ΠλQ G is Morita equivalent to ΠQ ′ .
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